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For a Tychonoff space X , we denote by Cp(X) (Ck(X)) the space of all real-valued
continuous functions on X with the topology of pointwise convergence (the compact-open
topology). In this paper, we show that Cp(X) has a countable cs∗-network at 0 iff X is
countable. As applications we obtain (1) Cp(X) has the strong Pytkeev property introduced
by Tsaban and Zdomskyy iff X is countable; (2) Cp(X) is an ℵ-space iff X is countable.
Relating to the strong Pytkeev property, we study function spaces Cp(X) and Ck(X) with
property (#).
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1. Preliminaries
In this paper all topological spaces are Tychonoff. We denote by R the space of real numbers with the usual topology.
The letter N is the set of natural numbers.
For a space X , we denote by Cp(X) (Ck(X)) the space of all real-valued continuous functions on X with the topology
of pointwise convergence (the compact-open topology). The symbol 0 is the constant function with the value 0. Basic open
sets of Cp(X) are of the form
[x0, . . . , xn;U0, . . . ,Un] =
{
f ∈ Cp(X): f (xi) ∈ Ui, i  n
}
,
where xi ∈ X and each Ui is a non-empty open subset of R. The family of the form[
F ;
(
−1
n
,
1
n
)]
=
{
f ∈ Cp(X): f (F ) ⊂
(
−1
n
,
1
n
)}
,
where F is a non-empty ﬁnite subset of X and n ∈N, is an open neighborhood base at 0. Similarly basic open sets of Ck(X)
are of the form
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{
f ∈ Ck(X): f (Ki) ⊂ Ui, i  n
}
,
where each Ki is a non-empty compact subset of X and each Ui is a non-empty open subset of R. The family of the form[
K ;
(
−1
n
,
1
n
)]
=
{
f ∈ Ck(X): f (K ) ⊂
(
−1
n
,
1
n
)}
,
where K is a non-empty compact subset of X and n ∈ N, is an open neighborhood base at 0. Both Cp(X) and Ck(X) are
topological groups.
2. Cp(X) with a countable cs∗-network at 0
Deﬁnition 2.1. Let P be a family of subsets of a space X . Then P is a cs-network at a point x ∈ X [1] if whenever {xn}n∈ω is
a convergent sequence to x and U is a neighborhood of x, there are k ∈ ω and P ∈ P such that {x} ∪ {xn: n  k} ⊂ P ⊂ U .
Similarly P is a cs∗-network at a point x ∈ X [1] if whenever {xn}n∈ω is a convergent sequence to x and U is a neighborhood
of x, there are an inﬁnite A ⊂ ω and P ∈ P such that {x} ∪ {xn: n ∈ A} ⊂ P ⊂ U .
Obviously each cs-network at x is a cs∗-network at x. The notions of a cs-network and a cs∗-network for a space were
ﬁrst introduced by Guthrie [3] and Gao [4], respectively.
The following is noted in [1, Proposition 1.(2)].
Lemma 2.2. If P is a countable cs∗-network at x ∈ X, then the family {⋃F : F ⊂ P, F is ﬁnite} is a countable cs-network at x.
Proof. Let S be a convergent sequence to x and U be a neighborhood of x. Enumerate {P ∈ P: x ∈ P ⊂ U , |P ∩ S| = ω} as
{Pn: n ∈ ω}. Assume for each n ∈ ω, S \ (P0 ∪ · · · ∪ Pn) is inﬁnite. Then we can inductively take points xn ∈ S , n ∈ ω, such
that xn /∈ P0 ∪ · · · ∪ Pn . This is a contradiction. 
The following is the main result of this paper. The proof is given after a series of lemmas below.
Theorem 2.3. For a space X, Cp(X) has a countable cs∗-network at 0 iff X is countable.
Lemma 2.4. Assume that Cp(X) has a countable cs∗-network at 0. If each point of X is a Gδ-set, then there is a countable cover of X
consisting of discrete subspaces of X .
Proof. Let P = {Pn: n ∈ ω} be a countable cs∗-network at 0 in Cp(X). By Lemma 2.2, we may assume that P is a cs-
network at 0 in Cp(X). For each n ∈ ω, let
Gn =
{
f −1
(
1
2
,∞
)
: f ∈ Pn
}
.
For each n ∈ ω, let Xn be the set of isolated points of the subspace X \⋃Gn of X .
We show that {Xn}n∈ω is a cover of X . Let x ∈ X . Since {x} is a Gδ-set of X , there are a sequence {Cn}n∈ω of cozero-sets
of X and a sequence {Zn}n∈ω of zero-sets of X such that Cn ⊃ Zn ⊃ Cn+1 (n ∈ ω) and {x} =⋂n∈ω Cn =⋂n∈ω Zn . For each
n ∈ ω, let fn : X → [0,1] be a continuous function with the following:{
fn(x) = 0 for x ∈ (X \ Cn) ∪ Zn+2,
fn(x) = 1 for x ∈ Zn \ Cn+2.
Obviously { fn}n∈ω is a sequence converging to 0 and contained in the neighborhood [x; (−1, 12 )] of 0. We take some k ∈ ω
such that (a) Pk ⊂ [x; (−1, 12 )] and (b) fn ∈ Pk for all but ﬁnitely many n ∈ ω. The condition (a) implies x ∈ X \
⋃Gk . The
condition (b) implies f −1n ( 12 ,∞) ∈ Gk for all but ﬁnitely many n ∈ ω, hence there is l ∈ ω with
⋃
nl f
−1
n (
1
2 ,∞) ⊂
⋃Gk .
Observe the following holds:
Cl+1 \ {x} =
⋃
nl
(Cn+1 \ Cn+2) ⊂
⋃
nl
(Zn \ Cn+2) ⊂
⋃
nl
f −1n
(
1
2
,∞
)
.
Hence Cl+1 \ {x} ⊂⋃Gk . Thus the point x is isolated in the space X \⋃Gk . We obtain x ∈ Xk . 
Corollary 2.5. Assume that Cp(X) has a countable cs∗-network at 0. If f : X → R is a continuous function, then the image f (X) is
countable. In particular, X is zero-dimensional.
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Lemma 2.4, f (X) is countable. 
Deﬁnition 2.6. A space X is κ-Fréchet–Urysohn at x ∈ X [6] if for each open set U of X with x ∈ U , there is a sequence
{xn}n∈ω ⊂ U converging to x. A space X is κ-Fréchet–Urysohn if it is κ-Fréchet–Urysohn at each point of X .
The class of κ-Fréchet–Urysohn spaces is much wider than the class of Fréchet–Urysohn spaces, see [6].
Deﬁnition 2.7. A family {An}n∈ω of subsets of a space X is strongly point-ﬁnite [14] if for each n ∈ ω, there is an open set Un
of X such that An ⊂ Un and {Un}n∈ω is point-ﬁnite. A space X has property (κ ) [14] if each pairwise disjoint sequence of
ﬁnite subsets of X has a strongly point-ﬁnite subsequence.
Theorem 2.8. (See [14].) For a space X, Cp(X) is κ-Fréchet–Urysohn iff X has property (κ).
Deﬁnition 2.9. A family U of subsets of a set X is an ω-cover of X [2] if each ﬁnite subset of X is contained in some
member of U . A family {Un: n ∈ ω} of subsets of a set X is a γ -cover of X [2] if for each point x ∈ X , x ∈ Un for all but
ﬁnitely many n ∈ ω.
Deﬁnition 2.10. A space X is said to have the Menger property [5] if for each sequence {Un}n∈ω of open covers of X there is
a sequence {Vn}n∈ω such that each Vn ⊂ Un is ﬁnite and ⋃n∈ω Vn is a cover of X .
Lemma 2.11. If Cp(X) has a countable cs∗-network at 0, then Cp(X) is κ-Fréchet–Urysohn.
Proof. First we show the following claim.
Claim. Each countable ω-cover of X consisting of clopen sets contains a γ -cover.
Let U = {Un}n∈ω be a countable ω-cover of X consisting of clopen sets. For each x ∈ X let Ix = {n ∈ ω: x ∈ Un}. We deﬁne
a function ϕ : X → {0,1}ω as follows: ϕ(x) = χIx , where χIx is the characteristic function on Ix . Since ϕ is continuous, by
Corollary 2.5 ϕ(X) is countable. For each n ∈ ω, let Vn = {χIx : x ∈ X, n ∈ Ix}. Using that U is an ω-cover of X , we can easily
see that {Vn: n ∈ ω} is an ω-cover of ϕ(X). Let ϕ(X) = {rn}n∈ω . For each n ∈ ω, take kn ∈ ω with {r0, . . . , rn} ⊂ Vkn . Then{Ukn : n ∈ ω} is a γ -cover of X .
Now we show that X has property (κ ). Let {Fn}n∈ω be a pairwise disjoint sequence of ﬁnite sets of X . Our space X
is zero-dimensional by Corollary 2.5. Let cX be a zero-dimensional compactiﬁcation of X . The family {cX \ Fn}n∈ω is an
open ω-cover of cX . Since a compact space has the Menger property, by [13, Lemma 7] there is an ω-cover {Kn}n∈ω of
closed sets of cX such that Kn ⊂ cX \ Fn , n ∈ ω. For each n ∈ ω, take a clopen set Un of cX with Kn ⊂ Un ⊂ X \ Fn . Since
{Un ∩ X}n∈ω is a clopen ω-cover of X , by the claim above it contains a γ -cover {Ukn ∩ X}n∈ω . Each X \ (Ukn ∩ X) is an
open set of X containing Fkn and the family {X \ (Ukn ∩ X)}n∈ω is point-ﬁnite. Thus X has property (κ ). Therefore Cp(X) is
κ-Fréchet–Urysohn by Theorem 2.8. 
Temporally we use the following notion.
Deﬁnition 2.12. A space X is strongly κ-Fréchet–Urysohn at a point x ∈ X if for each decreasing open family {On}n∈ω of X with
x ∈⋂n∈ω On , there are xn ∈ On , n ∈ ω, converging to x. A space X is strongly κ-Fréchet–Urysohn if it is strongly κ-Fréchet–
Urysohn at each point of X .
The following can be proved by the same idea as in [12].
Lemma 2.13. If (G, ·) is a κ-Fréchet–Urysohn topological group, then it is strongly κ-Fréchet–Urysohn.
Proof. Let e be the unit element of G . For a decreasing open family {On}n∈ω of G , let e ∈⋂n∈ω On . If G is discrete, our
conclusion is trivially true. Assume G is non-discrete. Then there is a sequence {hn}n∈ω in G \ {e} converging to e. For each
n ∈ ω, take an open neighborhood Un of hn such that e /∈ Un and Un ∩ Um = ∅ for m = n. Let
V =
⋃
n∈ω
(Un ∩ hn · On).
The set V is open in G and we can easily see e ∈ V . Since G is κ-Fréchet–Urysohn, there is a sequence in V converging
to e.
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hkn · Okn . Obviously h−1kn · pn ∈ Okn and h−1kn · pn converges to e. This completes the proof. 
Lemma 2.14. Let X be a space and x ∈ X. If X has a countable cs∗-network at x and is strongly κ-Fréchet–Urysohn at x, then the point
x has a countable neighborhood base.
Proof. Let P be a countable cs∗-network at x. Without loss of generality, we may assume that each member of P is closed
in X and contains x. Let U be an open neighborhood of x. Enumerate {P ∈ P: P ⊂ U } as {Pn: n ∈ ω}. Let On = U \ (P0 ∪
· · · ∪ Pn), n ∈ ω. Assume x ∈⋂n∈ω On . then there are xn ∈ On , n ∈ ω, converging to x. But for each n ∈ ω, Pn ∩ {xn}n∈ω is
ﬁnite. This is a contradiction. Thus there is n ∈ ω such that x /∈ On . In other words, x is in the interior of P0 ∪ · · · ∪ Pn . This
completes the proof. 
Proof of Theorem 2.3. Assume that Cp(X) has a countable cs∗-network at 0, by Lemmas 2.11 and 2.13 Cp(X) is strongly
κ-Fréchet–Urysohn at 0. By Lemma 2.14, 0 has a countable neighborhood base. It is known that Cp(X) is ﬁrst-countable iff
X is countable, for instance see [9]. Thus X is countable.
The converse is trivial. 
We give some applications of our theorem.
Deﬁnition 2.15. For a space X and x ∈ X , X has the strong Pytkeev property at x [17] if there is a countable family N of
subsets of X , such that for each neighborhood U of x and each A ⊂ X with x ∈ A \ A, there is N ∈ N such that N ⊂ U and
N ∩ A is inﬁnite. A space X has the strong Pytkeev property if it has the strong Pytkeev property at each point of X .
Each ﬁrst-countable space has the strong Pytkeev property. Let Sω be the sequential fan. It is the space obtained by
identifying the limits of countably many convergent sequences. The sequential fan has both the Fréchet–Urysohn property
and the strong Pytkeev property, but it is not ﬁrst-countable.
Assume a space X has the strong Pytkeev property at x ∈ X , then there is a countable family N of subsets of X , such
that for each neighborhood U of x and each A ⊂ X with x ∈ A \ A, there is N ∈ N such that N ⊂ U and N ∩ A is inﬁnite.
Obviously the family {{x} ∪ N: N ∈ N } is a countable cs∗-network at x. Hence we have the following.
Corollary 2.16. For a space X, Cp(X) has the strong Pytkeev property iff X is countable.
In [17] Tsaban and Zdomskyy proposed to ﬁnd an uncountable space X such that Cp(X) has the strong Pytkeev property.
Because if we found such a space, then we could obtain a counterexample to Question 3 in [13] (or Problem 4.7 in [15]).
But such a space X does not exist by the corollary above.
In contrast with the corollary above, Tsaban and Zdomskyy proved in [17] that Ck(P), where P is the space of irrational
numbers, has the strong Pytkeev property. McCoy proved in [8, Proposition 7] that: if X is ﬁrst-countable and Ck(X) is
Fréchet–Urysohn, then X is locally compact. Therefore Ck(P) is not even Fréchet–Urysohn.
Deﬁnition 2.17. A family P of subsets of a space X is a k-network for X if for each compact set K ⊂ X and an open set U
of X with K ⊂ U , there is a ﬁnite subfamily Q ⊂ P such that K ⊂⋃Q ⊂ U . A space is an ℵ0-space [10] if it has a countable
k-network. A space is an ℵ-space [11] if it has a σ -locally ﬁnite k-network.
The notion of a k-network plays an important role in the ﬁeld of generalized metric spaces. For instance, a space is the
quotient image of a separable metric space iff it is both a k-space and an ℵ0-space [10].
Corollary 2.18. For a space X, the following are equivalent.
(1) X is countable;
(2) Cp(X) is an ℵ0-space;
(3) Cp(X) is an ℵ-space;
(4) Cp(X) has a point-countable k-network consisting of closed sets.
Proof. The implications (1) → (2) → (3) → (4) are trivial.
(4) → (1): Let P be a point-countable k-network consisting of closed sets for Cp(X). Then easily we can see {P ∈ P:
0 ∈ P } is a countable cs∗-network at 0. By Theorem 2.3, X is countable. 
The equivalence of (1) and (2) above was proved by Michael [10] by way of several arguments on function spaces with
the compact-open topology.
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cl(
⋃{Bα: α ∈ J }), whenever J ⊂ I and Bα ⊂ Aα for each α ∈ J . Each locally ﬁnite family is hereditarily closure-preserving.
It is proved in [7] that a topological group with a σ -hereditarily closure-preserving k-network is an ℵ-space. Therefore, by
Corollary 2.18, if Cp(X) has a σ -hereditarily closure-preserving k-network, then X is countable.
3. A supplement on the strong Pytkeev property
Deﬁnition 3.1. For a space X and x ∈ X , X has property (#) at x if for each open family {On}n∈ω of X with x ∈⋂n∈ω On
there are ﬁnite sets Fn ⊂ On , n ∈ ω, such that x ∈⋃n∈ω Fn .
The following can be proved by the same argument as Lemma 2.14.
Lemma 3.2. Let X be a space and x ∈ X. If X has both the strong Pytkeev property at x and property (#) at x, then the point x has a
countable neighborhood base.
As mentioned in the previous section, Ck(P) has the strong Pytkeev property, but it is not ﬁrst-countable (not even
Fréchet–Urysohn). Hence Ck(P) does not have property (#) at 0 by Lemma 3.2.
In this section we study property (#) of Ck(X).
Deﬁnition 3.3. A family A of non-empty subsets of a space X is moving off [9] if for each compact set K ⊂ X , there is A ∈ A
with K ∩ A = ∅. A family A of non-empty subsets of a space X is strongly moving off [16] if for each A ∈ A, there is an open
set U (A) of X such that A ⊂ U (A) and {U (A): A ∈ A} is moving off.
In the original deﬁnition of McCoy and Ntantu, a moving off family consists of compact sets. But, in this paper a moving
off family may contain non-compact sets.
We partly use the ideas in [14] and [16] to show the theorems below.
Theorem 3.4. For a space X, the following are equivalent.
(1) Ck(X) has property (#) at 0.
(2) For each sequence {Kn: n ∈ ω} of moving off families of compact subsets of X , there are ﬁnite subfamilies Fn ⊂ Kn, n ∈ ω, such
that
⋃
n∈ω Fn is strongly moving off.
Proof. (1) → (2): Let {Kn: n ∈ ω} be a sequence of moving off families of compact subsets of X . For each n ∈ ω, deﬁne an
open set On of Ck(X) as follows:
On =
⋃{[
K ; (1,∞)]: K ∈ Kn}.
Since each Kn is moving off, 0 ∈ ⋂n∈ω On . Take ﬁnite subsets Fn ⊂ On , n ∈ ω, with 0 ∈ ⋃n∈ω Fn . For each n ∈ ω and
f ∈ Fn , take K ( f ;n) ∈ Kn such that f ∈ [K ( f ;n); (1,∞)]. Let Fn = {K ( f ;n): f ∈ Fn}. For each n ∈ ω and f ∈ Fn , let
U ( f ;n) = f −1(1,∞), then U ( f ;n) is open in X and K ( f ;n) ⊂ U ( f ;n). We see that {U ( f ;n): n ∈ ω, f ∈ Fn} is moving
off. Indeed for an arbitrary compact subset K of X , consider the open neighborhood [K ; (−1,1)] of 0. We can take a point
f ∈ [K ; (−1,1)] ∩ Fn for some n ∈ ω. Then f (K ) ⊂ (−1,1) and f (K ( f ;n)) ⊂ (1,∞), thus K ∩ U ( f ;n) = ∅.
(2) → (1): Let {On}n∈N be an open family of Ck(X) with 0 ∈⋂n∈N On . Fix an arbitrary n ∈N. For each f ∈ On , let
N( f ;n) = [K f0 , . . . , K fk( f );W f0 , . . . ,W fk( f )]
be a basic open neighborhood of f with N( f ;n) ⊂ On . Let
K ( f ) = (K f0 ∪ · · · ∪ K fk( f )) \ f −1
(
−1
n
,
1
n
)
and Kn =
{
K ( f ): f ∈ On
}
.
Assume ∅ ∈ Kn j for inﬁnitely many n0,n1, . . . . Then there are f j ∈ On j , j ∈ ω, satisfying K f j0 ∪· · ·∪ K
f j
k( f j)
⊂ f −1j (− 1n j , 1n j ).
Let g j : X →R, j ∈ ω, be continuous functions satisfying:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
g j(x) = f j(x) for x ∈ K f j0 ∪ · · · ∪ K
f j
k( f j)
,
g j(x) = 0 for x ∈ X \ f −1j
(
− 1
n j
,
1
n j
)
,
g j(X) ⊂
[
− 1
n j
,
1
n j
]
.
Then g j ∈ On j , j ∈ ω and they converge to 0 uniformly.
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Kn is moving off. Indeed for a given compact K ⊂ X , consider the open neighborhood [K ; (− 1n , 1n )] of 0. Take some f ∈
[K ; (− 1n , 1n )] ∩ On . Then we can easily see K ∩ K ( f ) = ∅.
We take ﬁnite subfamilies Fn = {K ( f n0 ), . . . , K ( f nln )} ⊂ Kn , n ∈ N, such that
⋃
n∈NFn is strongly moving off. For each
n ∈ N and j  ln , take an open set Unj containing K ( f nj ) such that {Unj : n ∈ N, j  ln} is moving off. Let gnj : X → [0,1],
n ∈N, j  ln , be continuous functions satisfying:⎧⎪⎪⎨
⎪⎪⎩
gnj (x) = 1 for x ∈ K
f nj
0 ∪ · · · ∪ K
f nj
k( f nj )
,
gnj (x) = 0 for x ∈ X \
(
Unj ∪ f n −1j
(
−1
n
,
1
n
))
.
Let Fn = { f nj · gnj : j  ln}, obviously Fn ⊂ On . We see 0 ∈
⋃
n∈N Fn . Let [K ; (− 1n , 1n )] be a basic open neighborhood of 0.
Since {Unj : n ∈ N, j  ln} is moving off, there are m ∈ N and j  lm such that m > n and K ∩ Umj = ∅. Let x ∈ K . If x /∈
f m −1j (− 1m , 1m ), then f mj · gmj (x) = 0. If x ∈ f m −1j (− 1m , 1m ), then | f mj · gmj (x)| | f mj (x)| < 1m . Thus f mj · gmj ∈ [K ; (− 1n , 1n )]. 
Corollary 3.5. If Ck(X) has property (#) at 0, then each ﬁrst-countable closed subspace of X is locally compact.
Proof. Let Y be a ﬁrst-countable closed subspace of X . Let y ∈ Y and {Un}n∈ω be a decreasing open neighborhood base of
y in Y . Assume that each Un is not compact. Then each Kn = {{z}: z ∈ Un} is moving off in X . By Theorem 3.4, there are
ﬁnite sets Fn ⊂ Un , n ∈ ω, such that for each compact K ⊂ X , there is some n ∈ ω with Fn \ K = ∅. Since {y} ∪ (⋃n∈ω Fn) is
compact, this is a contradiction. 
A locally compact Lindelöf space is hemicompact. It is well known that Ck(X) is ﬁrst-countable iff X is hemicompact [9].
Hence we obtain:
Corollary 3.6. Let X be a ﬁrst-countable Lindelöf space. Then Ck(X) has property (#) at 0 iff X is hemicompact.
In contrast with the case of a compact-open topology, we show that for an arbitrary space X , Cp(X) has property (#)
at 0.
Lemma 3.7. Let {Fn}n∈ω be a pairwise disjoint family of ﬁnite subsets of a space X. Then there is an open family {Un}n∈ω of X such
that Fn ⊂ Un, n ∈ ω, and for each ﬁnite subset F of X there is n ∈ ω with F ∩ Un = ∅.
Proof. Let cX be a compactiﬁcation of X . The family {cX \ Fn}n∈ω is an open ω-cover of cX . Since a compact space has
the Menger property, by [13, Lemma 7] there is an ω-cover {Kn}n∈ω of closed sets of cX such that Kn ⊂ cX \ Fn , n ∈ ω. Let
Un = X ∩ (cX \ Kn), n ∈ ω. It is easy to see that {Un}n∈ω satisﬁes the needed condition. 
Theorem 3.8. For a space X, Cp(X) has the following property: for each open family {On}n∈ω of Cp(X) with 0 ∈⋂n∈ω On there are
fn ∈ On, n ∈ ω, such that 0 ∈ { fn}n∈ω . In particular, Cp(X) has property (#) at 0.
Proof. Let {On}n∈ω be an open family of Cp(X) with 0 ∈ On \ On , n ∈ ω. For each n ∈ ω and f ∈ On , we take a basic open
neighborhood
N( f ;n) = [z0, . . . , zk;W ( f ; z0), . . . ,W ( f ; zk)]
of f with N( f ;n) ⊂ On . Let
A( f ;n) = {zi: f (zi) = 0} and B( f ;n) = {zi: f (zi) = 0}.
Each B( f ;n) is non-empty, because 0 /∈ On .
We inductively deﬁne a sequence { fn}n∈ω with fn ∈ On , n ∈ ω, as follows. Assume that f0 ∈ O 0, . . . , fn−1 ∈ On−1 are
already deﬁned. Since [B( f0;0) ∪ · · · ∪ B( fn−1;n − 1); (− 1n , 1n )] is a neighborhood of 0, there is fn ∈ On ∩ [B( f0;0) ∪ · · · ∪
B( fn−1;n − 1); (− 1n , 1n )]. Note that for each z ∈ (B( f0;0) ∪ · · · ∪ B( fn−1;n − 1)) ∩ B( fn;n), fn(z) ∈ (− 1n , 1n ) ∩ W ( fn; z), in
particular (− 1n , 1n ) ∩ W ( fn; z) = ∅.
For each n ∈ ω, let
Cn = B( fn;n) \
(
B( f0;0) ∪ · · · ∪ B( fn−1;n − 1)
)
and Dn = B( fn;n) \ Cn.
By Lemma 3.7, there is an open family {Un}n∈ω of X such that Cn ⊂ Un , n ∈ ω, and for each ﬁnite subset F of X there
is n ∈ ω with F ∩ Un = ∅. Note that {n ∈ ω: F ∩ Un = ∅} is inﬁnite. We may assume that each Un satisﬁes Un ∩ (Dn ∪
M. Sakai / Topology and its Applications 156 (2008) 117–123 123A( fn;n)) = ∅. For each n ∈ ω, take an open set Vn of X with Dn ⊂ Vn and Vn ∩ (Un ∪ A( fn;n)) = ∅. Let gn : X →R, n ∈ ω,
be continuous functions satisfying:{
gn(x) = 0 for x ∈ X \ Un,
gn(z) ∈ W ( fn; z) for z ∈ Cn .
Moreover let hn : X →R, n ∈ ω, be continuous functions satisfying:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
hn(x) = 0 for x ∈ X \ Vn,
hn(z) ∈
(
−1
n
,
1
n
)
∩ W ( fn; z) for z ∈ Dn,
hn(X) ⊂
(
−1
n
,
1
n
)
.
We can easily see gn + hn ∈ N( fn;n) ⊂ On , n ∈ ω.
We show 0 ∈ {gn + hn}n∈ω . Let [F ; (− 1k , 1k )] be a basic open neighborhood of 0. For the ﬁnite set F , there is n ∈ ω such
that n > k and F ∩ Un = ∅. Then for each x ∈ F , gn(x) + hn(x) = hn(x) ∈ (− 1n , 1n ) ⊂ (− 1k , 1k ). Thus gn + hn ∈ [F ; (− 1k , 1k )]. 
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